Abstract. The first weakly nonlocal extension of ideal fluid dynamics is derived from the Second Law of thermodynamics, with the help of the Liu procedure. One of the possible weakly nonlocal hydrodynamics' is the hydrodynamic model of quantum mechanics.
Introduction
It is well-known that quantum mechanics is a nonlocal theory. However, nonlocality is understood in different ways in the different treatments. A clear interpretation and appearance of nonlocality in quantum mechanics is that the Bohmian quantum potential depends on the derivatives of the quantum probability density [1, 2] . In this sense, quantum mechanics is a weakly nonlocal or coarse grained or gradient hydrodynamics. The previous adjectives come from different fields of physics (weakly nonlocal -continuum physics dealing with internal structures [3] , coarse grained -statistically motivated thermodynamics [4] , gradient -mechanics [5, 6] ) indicating that the governing equations of the theory depend on higher order gradients of the state variables than in the traditional treatments. The simplest way to get weakly nonlocal equations is best exemplified by the Ginzburg-Landau equation. The traditional derivation of the Ginzburg-Landau equation is based on a characteristic mixing of variational and thermodynamic considerations. A pure variational derivation is impossible without any further ado. While some generalizations preserve that doubled theoretical frame [7, 8] , there are some attempts to unify the two parts and eliminate this inconsistency of the traditional approach with different additional hypotheses [9, 3] . On the other hand, a profound analysis of the involved thermodynamics shows that purely from the requirement of a nonnegative entropy production one can get the variational part, without any further ado [10] .
In this paper we investigate fluid mechanics with similar methods. A straightforward application of Liu's procedure leads to the surprising consequence that a weakly nonlocal extension of traditional fluid mechanics (in the density) leads to a generalization of Euler equation that incorporates the Schrödinger-Madelung fluids from the hydrodynamic model of quantum mechanics and some models of granular fluids, too.
In the following we will show that the hydrodynamic model of quantum mechanics is a consequence of pure thermodynamic considerations in a conservative, nondissipative limit. We do not wish to treat the different problems of the foundations of quantum mechanics (see e.g. [2] ), neither to discuss the disadvantages of the hydrodynamic model. We only want to recall the well-known fact that the Schrödinger equation depends on the frame, it is not an objective one, and the canonical quantization is not an objective process, while the hydrodynamic model is observer independent [11, 12] ).
The basic state space of hydrodynamics is spanned by the density ρ and the velocity v of the fluid. Hydrodynamics is based on the balance of mass and the balance of momentum [13] . Classical hydrodynamics is the theory where the constitutive space, i.e., the domain of the constitutive functions, is spanned by the basic state space (ρ, v) and the gradient of the velocity ∇v. The pressure/stress tensor is the only constitutive quantity in the theory. Introducing higher order gradients of the basic variables into the constitutive space one can get weakly nonlocal extensions regarding the density and the velocity. In this paper we investigate the weakly nonlocal extension in the density.
The balance of mass in local substantial form can be written as
where ρ is the density, v is the velocity, σ m is mass production, and the dot above the quantities denotes the substantial (comoving) derivative. The balance of momentum, the Cauchy equation is
where P is the pressure and f is the force density. According to the requirement of the Second Law, the production of the entropy is nonnegative in case of insulated and source free systems, that is, when there is no production of mass (σ m = 0) and there are no external forces (ρf = 0):
The constitutive quantities in the above equations are the pressure P, the specific entropy s, and the conductive current of the entropy j s . According to the ColemanMizel form of the Second Law, the entropy inequality is a constitutive requirement, that is, we are looking for constitutive functions that solve the inequality. In the following Liu's theorem will play an important technical role. Details of the different state spaces, more detailed description of thermodynamic concepts, and of the applied mathematical methods (especially the Liu procedure) can be found in [14] ; regarding the weakly nonlocal extension see [15, 10] .
It is important that, in case of moving continua, the substantial time derivatives can appear in the constitutive space. The overall reason to do it is that these time derivatives express the time changes of the corresponding physical quantities in a frame fixed to the moving continua. These time changes are independent of any external frames as one can see clearly in a frame independent treatment of continuum mechanics [16, 17] .
Nonlocal fluid mechanics -the Schödinger-Madelung equation
Hydrodynamics is treated in the case when the basic state space is that of classical hydrodynamics (ρ, v) and the constitutive space contains gradients of the density ρ in addition to the classical case and is spanned by the variables (ρ, ∇ρ, ∇ 2 ρ, v, ∇v). Here ∇ 2 ρ denotes the second derivative of ρ (also written as ∇ • ∇ρ, where • is the traditional notation of the tensorial product in hydrodynamics). The space of independent variables is spanned by the next time and space derivatives of the constitutive variables, that is, by (ρ, ∇ρ,v, ∇v, ∇ 2v , ∇ 3 ρ, ∇ 2 v), as a consequence of the entropy inequality.
In applying the Liu procedure, the constraints are the balance of mass (1) and the balance of momentum (2) . Moreover, because of the higher density derivatives in the constitutive space, the space derivative of the mass balance is to be considered as a constraint,
This situation is similar as it was in case of the thermodynamic derivations of the Ginzburg-Landau equation [10] , or in relativistic constitutive theories [18] . On the other hand, higher order derivatives of equation (4) are not constraints any more because those contain derivatives that have already been included in the space of independent variables. Now the Liu procedure is applied with the method of Lagrange-Farkas multipliers (see [10, 19] ) as
Here we introduced the Lagrange-Farkas multipliers Γ 1 , Γ 2 , and Γ 3 for the constraints (1), (2) and (4) respectively. The subscript numbers denote derivation according to the corresponding variable in the constitutive space, (ρ, ∇ρ, ∇ 2 ρ, v, ∇v). The source terms in the balances have been considered as zero. For what follows, it is important to observe that the substantial time derivative does not commute with the space derivative (gradient), instead, the following identities are to be applied:
For the sake of easier applicability we give these equations with indices, too:
Now the multipliers of the independent variables give the Liu equations respectively.
Here, the last two equations are given with indices to avoid misunderstanding, and the superscript S denotes the symmetric part of the corresponding tensor. Equation (10) is symmetric in every tensorial component (for all permutations of j, k and l), and (11) is symmetric for the exchange of j and k because of the symmetry of the corresponding independent variables. In the following we are to solve the Liu equations (5)- (11) . As a consequence of (8) and (9), the entropy density does not depend on the second gradient of ρ and on the gradient of v. therefore s(ρ, ∇ρ, ∇ 2 ρ, v, ∇v) = s(ρ, ∇ρ, v). (5)- (7) give the Lagrange-Farkas multipliers as derivatives of the entropy density. Therefore, from a thermodynamic point of view, they are a kind of generalized intensive variables in the theory [20] . Treating the entropy as a primary physical quantity one can give a solution of (10) and (11) as
where j 0 is an arbitrary (differentiable) function. So the Liu equations can be solved and yield the Lagrange-Farkas multipliers as well as restrictions for the entropy and the entropy current. Applying these solutions of the Liu equations, the dissipation inequality can be written as
Here I denotes the second order unit tensor (δ ij ). Let us now define a traditional fluid with an entropy density of the following form
From this form it is clear that s s corresponds to a static (equilibrium) specific entropy and s is a kind of general non-equilibrium specific entropy closely connected to the kinetic potential [21] . The differences are important, we exploited the entropic representation of the variables in the derivation and being in a weakly nonlocal theory, out of local equilibrium s s depends also on the gradient of the density function. Let us remark that the velocity is a thermodynamic internal degree of freedom [22] , a dynamic variable in a thermodynamic sense [15] . Moreover, assuming an ordinary entropy current with j 0 = 0 we can write the dissipation inequality and the entropy current as
The inevitable advantage of the entropy of a traditional fluid (12) is that the inequality (13) is solvable, because it has the force-current form of irreversible thermodynamics and contains the pressure as a single dynamic constitutive function (s s is static and assumed to be known). We can define a nonlocal reversible pressure as
If the total pressure is of this form then the entropy production is zero, there is no dissipation, the theory is conservative. If the entropy is local (independent of the gradient of the density) then
therefore, the corresponding equations are of the ideal Euler fluid. Let us remark that we have chosen the name entropy for our thermodynamic potential function s to emphasize the generality of the method and the direct connection to the traditional formulations of the Second Law. From the physical conditions (constant temperature T 0 ) and the last equation it follows that s s = −T 0 s t , where s t is the traditional static thermodynamic entropy function. In this case ρ 2 ∂ ρ s s (ρ) = p(ρ). One can define the viscous pressure P v as usual and to give the corresponding Onsagerian conductivity equation as
Here L is a nonnegative constitutive function. Let us recognize that if s s is independent of the gradient of the density, L is constant, and P v depends only on ∇ • v as an isotropic function, then we obtain the traditional Navier-Stokes fluid.
The reversible part of the pressure of a traditional fluid has the property of potencializability, i.e., if one can find an U scalar valued function such that (17) ∇ · P r = ρ∇U.
One can calculate U from the entropy function as
Remark 2.1. Equation (18) has an Euler-Lagrange form, therefore, it can be calculated from a traditional Hamiltonian variational principle with the Lagrangian density −ρs (!), as
One can further specify the form of s s and get some specific nonlocal fluids as 2.0.1. Schrödinger-Madelung fluid. Here the entropy is defined as
The corresponding reversible pressure is
and the potential is
Here we introduced R = √ ρ to show more clearly that (21) is the quantum potential in the Bohmian version of quantum mechanics (if ν SchM = 2 /m) [1, 23] . Further, the entropy current of the Schrödinger-Madelung fluid is (22) 
Remark 2.2. To obtain the Schrödinger equation one needs to consider a vorticity free fluid where ∇×v = 0. In this case (2) can be derived from a Bernoulli equation (in a given inertial reference frame)
Then, introducing a single complex valued function ψ := Re iS that unifies R and S , it is easy to find that (1) multiplied by e iS /R and (23) multiplied by Re iS are recognized as the real and imaginary parts of the Schrödinger equation
. Remark 2.3. In the hydrodynamic model of quantum mechanics the pressure cannot be determined uniquely, because from the Schödinger equation one concludes that a neutral quantum fluid preserves the vorticity. Therefore in the hydrodynamic model the pressure is calculated from the potentializability condition (17) (from the potential) and thus one can add a rotation of any function of the density and its gradient without changing the physics (Bernoulli equation). In our thermodynamic derivation the pressure is the primary constitutive quantity, it is determined uniquely and the potentializability is the consequence of the thermodynamic structure. For example, in (15) one can write 2∇ 2 ρ instead of ∆ρI + ∇ 2 ρ to get the Jánossy-Ziegler pressure [24] . This is a (gauge) freedom in case of neutral fluids but it can be important when vorticity is not zero.
Landau fluid.
The simplest globally concave entropy contains the square of the density gradient. Based on the similarity of the famous Ginzburg-Landau free energy density we will call Ginzburg-Landau fluid the material that is defined by the following form of the entropy (25) s
The corresponding reversible pressure function is
and the potential is (27)
The entropy current can be also given, as
2.0.3. Alternative fluid. The potential has the simplest form if the entropy is written as
In this case the reversible pressure is
and the nonlocal term in the potential is simply
Finally, the entropy current can be written as
Remark 2.4. Among the previous three fluids only the Landau fluid preserves the global concavity of the entropy both in the density and in the gradient of the density. The entropy of the Schrödinger-Madelung fluid and of the alternative fluid are positive semidefinit. The concavity of the entropy (kinetic potential) is strongly connected to the stability properties of the equilibrium solutions of the fluid dynamic equations and requires further investigations.
As it is well known, Schrödinger-Madelung fluid has a rich structure of stationary solutions in case of simple conservative force fields. Because this property seems to be connected to the semidefinity of the entropy, the existence of similar "quantized solutions" can be expected in the alternative fluid, too. This is an interesting question both from a physical and a mathematical point of view. Evidently a large set of different generalized eigenvalue problems emerge.
Conclusions
In this paper we have shown that the Second Law of thermodynamics restricts considerably the possible pressure functions of fluids that are weakly nonlocal in density. Several different traditional fluids are defined, where the non-equilibrium specific entropy is additively quadratic in the velocity (12) , defining some simple possible forms of the nonlocal entropy function. In the conservative limit, when the entropy production is zero, we have found that the entropy density is a Lagrangian of the gradient dependent potentials, therefore, in case of vorticity free motion it can be substituted for example into a Seliger-Whitham-type variational principle [25, 26] . However, in our thermodynamic approach, the Euler-Lagrange form was a consequence of the Second Law in the nondissipative limit. There was no need to refer to any variational principle at all.
We have seen that among the thermodynamically enabled weakly nonlocal fluids there is the Schrödinger-Madelung fluid as a special case. From the hydrodynamic point of view the Schrödinger equation appears as a complex function formulation of the coupled Bernoulli equation and the mass balance and has the inevitable advantage being linear. On the other hand, we should emphasize that our derivation of the hydrodynamic model of quantum mechanics was completely independent of the Schrödinger equation, and quantum mechanics appeared only as a special case with remarkable properties (possibility to transform to a linear dynamic equation). Moreover, our formulation is independent of the interpretation in the sense that the density can be regarded as a real mass density, or a probability density enabling also a stochastic, Bohmian or the standard points of view of the wave function.
As a final remark, we should mention that different generalized Schrödinger-type equations appear as structure forming equations in several different fields [27] and the possibility to transform them into a linear complex form is an important advantage in different investigations as, e.g., in cosmology [28, 29, 30] .
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